We consider the problem of interconverting a finite amount of resources within all theories whose single-shot transformation rules are based on a majorisation relation, e.g. the resource theories of entanglement and coherence (for pure state transformations), as well as thermodynamics (for energyincoherent transformations). When only finite resources are available we expect to see a non-trivial trade-off between the rate rn at which n copies of a resource state ρ can be transformed into nrn copies of another resource state σ, and the error level n of the interconversion process, as a function of n. In this work we derive the optimal trade-off in the so-called moderate deviation regime, where the rate of interconversion rn approaches its optimum in the asymptotic limit of unbounded resources (n → ∞), while the error n vanishes in the same limit. We find that the moderate deviation analysis exhibits a resonance behaviour which implies that certain pairs of resource states can be interconverted at the asymptotically optimal rate with negligible error, even in the finite n regime.
I. INTRODUCTION
In this paper we focus on the resource interconversion process in the intermediate regime, when the number of processed resource states is large, but finite. This way we aim at keeping the simplicity of the asymptotic analysis, but also at preserving the irreversible nature of single-shot regime. The first steps in this direction were recently made in Refs. [7] and [8] for the resource theories of entanglement and thermodynamics, where the corrections to asymptotic conversion rates were found in the scenario with a constant transformation error (i.e., in the small deviation regime [10] ). Here, we present a moderate deviation analysis [11] (see also [12] , [13] for applications in the quantum domain) of the interconversion problem within a unified framework that includes all resource theories for which the single-shot transformation rules can be expressed via a majorisation or thermo-majorisation condition. This way we find finite-size corrections to conversion rates in resource theories of entanglement [14] , coherence [15] and thermodynamics [16] , in the regime where the transformation error, measured by either infidelity or total variation distance, asymptotically vanishes.
Our results can be directly applied to the study of important problems such as entanglement distillation [17] or coherence dilution [18] , but also allow for a rigorous analysis of the irreversibility arising when finite-size resources are interconverted. Most intriguingly, we find that if a pair of states satisfies a particular resonance condition, one can achieve lossless interconversion, i.e., transformation that is arbitrarily close to reversible even for finite n. In the accompanying paper [19] we discuss how this effect can be employed to avoid irreversibility, which directly affects, e.g., the performance of heat engines working with finite-size working bodies [20] .
II. SETTING THE SCENE

A. Resource theories in different regimes
Every quantum resource theory [1] , [2] is defined by a set of quantum operations that are considered free, and a set of restrictions that make other operations impossible without an additional cost. Such restrictions may arise from practical difficulties, e.g., when preparing a system in a superposition of particular states is experimentally challenging, but may also be of fundamental nature, as with the laws of thermodynamics constraining possible transformations to preserve energy and increase entropy. A resource is then defined as a quantum system that allows one to lift a given restriction. Typical examples of resources include an excited pure state that acts as a work storage, and thus can be used to reduce the entropy of another system (overcoming thermodynamic constraints [16] ); an entangled Bell pair, which can be used to teleport a quantum state (overcoming locality constraints [14] ); or a system in the superposition of energy eigenstates, which can be used as a reference frame for time (overcoming symmetry constraints [21] ).
Once the restrictions and the corresponding resources are defined, the central question concerns resource interconversion, i.e., what final states can be obtained from the initial one. This problem so far was mainly approached in either the single-shot regime [22] , or in an idealised asymptotic limit [23] . The first approach, due to its generality and the corresponding complexity of the answer, provides only a limited insight into the nature of different resource states. The second one provides an elegant and simple answer in the form of optimal conversion rate, which tells us how many copies of the final state can be obtained per one copy of the initial state, if one assumes access to an infinite source of initial states. From a practical point of view, however, such an assumption is unjustified, as most quantum resources will be available only in small amounts in the foreseeable future. More fundamentally, finite-size effects may be of interest themselves, as is the case within quantum thermodynamics [24] , where one aims at accurate description of heat and work processes involving small number of particles.
Very recently the first steps have been made to study the intermediate regime, where one focuses on the interconversion of large but finite number n of resource states. First, in Ref. [7] the authors focused on transformations within the resource theory of entanglement. Their results were then generalised and adapted to the studies of the interconversion process in the resource theory of thermodynamics by the present authors [8] . In both these works the second-order correction to the asymptotic rate was found in the so-called small deviation regime [10] , where the conversion rate approaches the asymptotic one for n → ∞, but the transformation is realised with a constant error. In the current work we solve the issue of constant error by deriving corrections to the asymptotic rate in the moderate deviation regime [11] , where the correction term still vanishes as n → ∞, but also the transformation is asymptotically errorfree. For the completeness of discussion, we also note that the interconversion problem may be studied in the large deviation regime [25] , where the error is exponentially vanishing for the price of the constant gap between the realised conversion rate and the asymptotic one [26] - [28] . In Table I we collect references to central results concerning state interconversion within the investigated resource theories in various regimes.
B. Exact single-shot interconversion
Irrespective of the investigated regime, the first step is to find single-shot interconversion rules, which form the basis of further analysis. In this work we study the interconversion problem within all majorisation-based resource theories, i.e., when conditions for single-shot transformations can be expressed as majorisation partial order [30] , or a variant known as thermo-majorisation [16] , [31] . Within such theories, each resource state can be represented by a probability distribution, and the conversion process is possible when the distribution representing the initial state majorises (or is majorised) by the distribution representing the final state, with majorisation defined by
where a ↓ denotes the vector a in a decreasing order.
Three prominent examples of majorisation-based resource theories include the resource theories of entanglement, coher-ence and thermodynamics. These are defined via the relevant sets of free operations and free states: Local Operations and Classical Communication (LOCC) and separable states in entanglement theory [14] ; Incoherent Operations and incoherent states in coherence theory [15] ; Thermal Operations and the thermal equilibrium state γ in the resource theory of thermodynamics (with respect to a fixed background temperature T = 1/β) [32] . As mentioned above, within each of these theories there exists a representation of initial and target quantum states, ρ and σ, as probability distributions p and q. For entanglement theory, given initial and target pure bipartite states, ρ = |Ψ Ψ| and σ = |Φ Φ|, with the Schmidt decomposition given by
we can represented by p and q. For coherence theory, with respect to a fixed basis {|i }, one can represent pure initial and target states, ρ = |ψ ψ| and σ = |φ φ|, using
Finally, in the resource theory of thermodynamics, the initial and target energy-incoherent mixed states ρ and σ can be represented by
where {|E i } denotes the energy eigenbasis of the system. We will denote distributions representing free states by f . In entanglement and coherence theories these are represented by sharp probability distributions s with a single non-zero entry; whereas in the thermodynamic case f is given by a thermal Gibbs distribution γ with γ i ∝ exp(−βE i ).
The celebrated Nielsen's theorem [5] (for entanglement) and the recent result of Ref. [29] (for coherence) state that the initial state represented by p can be transformed into the target state represented by q if and only if p ≺ q. Similarly, in Ref. [16] , it was found that a thermodynamic transformations between states represented by p and q is possible if and only if p q, whereâ can be obtained from a via a straightforward application of an embedding map Γ β [6] , [33] . For the sake of our analysis, it is only crucial to note that Γ β maps ddimensional distributions tod-dimensional ones withd ≥ d; and that an embedded version of the free thermal distribution is given by a maximally mixed distribution on a larger subspace, i.e.,γ = η with η = [1/d, . . . , 1/d].
C. Approximate multi-copy interconversion
When considering transformations between many copies of initial and target states, represented by p ⊗n and q ⊗m , we need to make sure that the dimensionality of the input and output spaces match. Since one can always append any number of free states f to both the initial and target states, we introduce total initial and target distributions, P n,m := p ⊗n ⊗ f ⊗m , Q n,m := q ⊗m ⊗ f ⊗n .
Our main object of interest will be the conversion rate r n := m/n, i.e., the number of target states one can obtain per one copy of the initial state. For notational clarity we will denote total initial and target distributions by P n and Q n , with the dependence on m (so, in fact, on r n ) kept implicit. The singleshot interconversion conditions can now be expressed as P n ≺ Q n for the entanglement and coherence transformations, and P n Q n for the thermodynamic transformations.
We also need to introduce the concept of approximate interconversion. Assume that for given P n and Q n the relevant majorisation relation does not hold, so that the interconversion is impossible. However, there may existQ n that is -close to Q n and such that the interconversion is possible. We then say that an approximate transformation is possible with the error level quantified by either the infidelity, 1 − F , or total variation distance (TVD), δ, between target and final states, with
The concept of approximate interconversion gives rise to two notions of approximate majorisation introduced in Ref. [8] , -post-majorisation and -pre-majorisation , defined by 
where, depending on the context, δ can be replaced by 1 − F . Crucially, in Ref. [8] the present authors showed that these two notions are equivalent and, moreover, thatpost-majorisation between embedded vectors,â b , is a necessary and sufficient condition for the existence of an approximate thermodynamic transformation between a and b with error level .
We conclude that an approximate transformation between initial and target states, represented by p ⊗n and q ⊗nrn , is possible within resource theories of entanglement and coherence if and only if P n ≺ Q n ,
with the free state f = s. We will refer to the above relation as the approximate majorisation relation for the entanglement direction. Similarly, such a transformation is possible within resource theory of thermodynamics if and only if
with the free state f = γ. We will refer to this relation as the approximate majorisation relation for the thermodynamic direction.
D. Information-theoretic notions
The main role in the quantitative analysis of the interconversion process for the entanglement direction will be played by the Shannon entropy H and entropy variance V . For a given probability distribution a these are defined by
The analogous role for the thermodynamic direction will be played by the relative entropy D and relative entropy variance V . Given two probability distributions, a and b, these are defined by
An important fact, that can be verified by direct calculation, is that the relative quantities are invariant under embedding, i.e., D(a||b) = D(â||b) and V (a||b) = V (â||b) [8] .
In order to formally state our main result we also need to introduce the notion of a moderate sequence:
Definition 1 (Moderate sequence). A sequence of real numbers {t n } n is a moderate sequence if its scaling is strictly between 1/ √ n and 1, meaning that t n → 0 and √ nt n → +∞ as n → ∞.
Note that an important family of moderate sequences is given by t n ∼ n −α for α ∈ (0, 1/2), which can be used to obtain a particularly simple version of our main results.
Finally, as we will be interested in asymptotic expansions in n, we will employ the standard asymptotic notation: o(f (n)), O(f (n)) and Θ(f (n)). We will also use ev.
> and ev.
< to denote eventual inequalities, specifically we write a n ev. > b n if and only if there exists N such that a n > b n for all n ≥ N . Moreover, we will denote equalities and inequalities up to terms of order o(t n ) by , and .
III. INTERCONVERSION RATES BEYOND THE ASYMPTOTIC
REGIME
We are now ready to state our central technical result, which may be of interest outside the resource-theoretic studies due to ubiquity of majorisation partial order in the broad field of applied mathematics [30] . We split it into three theorems. The first two concern state interconversion below the asymptotic rate and with asymptotically vanishing error (one for each majorisation direction). The third one concerns practically less relevant scenario of state interconversion above the asymptotic rate and with error asymptotically approaching 1.
For the entanglement direction we introduce the optimal conversion rate R ent n ( ) as the largest conversion rate r n for which the approximate majorisation relation for the entanglement direction, P n ≺ Q n , holds. Due to the discussion presented in Sec. II, R ent n ( ) is the maximal rate for which the approximate interconversion, with error , is possible between states represented by p and q within resource theories of entanglement and coherence. We also define the asymptotic rate,
, (12) and the irreversibility parameter,
We then have:
Theorem 1 (Entanglement direction). For any moderate sequence t n and the accepted error level of
the asymptotic expansion of the optimal conversion rate R ent n ( n ) is
Analogously, for the thermodynamic direction we introduce the optimal conversion rate R th n ( ) as the largest conversion rate r n for which the approximate majorisation relation for the thermodynamic direction,P n Q n , holds. As before, R th n ( ) is the maximal rate for which the approximate interconversion, with error , is possible between states represented by p and q within the resource theory of thermodynamics. We also define the asymptotic rate,
and the irreversibility parameter,
Theorem 2 (Thermodynamic direction). For any moderate sequence t n and the accepted error level of
the asymptotic expansion of the optimal conversion rate R th n ( n ) is
Finally, one expects that conversion above the asymptotic rate leads to transformation error approaching 1. This is formalised in the following theorem which, unlike the previous two theorems (that hold for the error level measured by both infidelity and total variation distance), applies only to TVD. In the appendix of the full version [9] , where we relate our current results to the small deviation analysis of Refs. [7] , [8] , we also conjecture the analogue of Theorem 3 with the error measured by infidelity.
Theorem 3 (Converse regime). For any moderate sequence t n and the accepted TVD error of
and similarly for R th n ( n ) we have
Let us make two important remarks.
Remark 4. For initial and target states satisfying ν ent = 1, the optimal conversion rate R ent n in the regime of vanishing error is given by the asymptotic rate R ent ∞ . This means that, up to terms of order o(t n ), such a transformation is reversible even for finite n. Analogous observation holds for the thermodynamic direction. We discuss the implications of this particularly interesting scenario in an accompanying paper [19] . 
Analogous observation holds for the thermodynamic direction.
A. Two variations on tail bounds
The proof builds on the following tow lemmas. The following quantity k n (a, x) := exp H(a ⊗n ) + xnt n ,
allows us to formulate the magnitude-based version of the moderate deviation bound for products of distributions. 
Proof. See [9] .
Using the above result we can now prove the majorisationbased version of the moderate deviation bound. 
Remark 8. One can extend Lemma 7 to probability distributions a with V (a) = 0 by a direct calculation, since V (a) = 0 means all non-zero entries of a are equal. One then obtains that Eq. (25a) holds for x < 0 and Eq. (25b) for x > 0, i.e., both expressions diverge to −∞.
IV. PROOF OF THE MAIN THEOREM
See full version [9] .
